
14 Structure of linear operators in inner product spaces

We already saw that it is important to have a basis in which an operator has a diagonal form. A
necessary and sufficient condition for this is to have exactly n linearly independent eigenvectors. This
happens, as we proved, in the case if the characteristic polynomial has n distinct complex roots,
in this case the operator is diagonalizable over C. Having at our disposal the notion of an inner
product it is important to ask for which operators it is possible to have an orthogonal basis, in which
this operator diagonal. A naive attempt to diagonalize an operator and then use the Gram–Schmidt
orthogonalization algorithm will fail, because this procedure does not keep the eigenvectors to be
eigenvectors (think about 2× 2 matrix with two linearly independent eigenvectors, they geometrically
span two lines through the origin, and if these lines are not perpendicular, we will not be able to
provide an orthogonal basis of eigenvectors).

Here I will mostly state all the facts in the matrix form, and therefore will work in Cn. The results
for Rn follow immediately by restating the complex versions of the theorem. Recall that I use the
standard notation A∗ for the Hermitian adjoint of matrix A, which is defined as A∗ = Ā

⊤
. Hermitian

adjoint has similar properties to transposition, e.g., (AB)∗ = B∗A∗.
I also employ the standard inner products in Cn and Rn respectively.

14.1 Upper triangular (Schur) form of an operator

Theorem 14.1. Any n× n matrix A ∈ Mn×n(C) is similar to an upper triangular matrix T , i.e.,

A = UTU−1,

moreover, the columns of matrix U form an orthonormal basis of Cn, that is, UU∗ = U∗U = I, and
hence the formula can be written as

A = UTU∗.

Remark 14.2. The matrix U such that UU∗ = U∗U = I is called unitary, and hence it is usually
said that A is unitary equivalent to an upper triangular matrix T . In case we are working in Rn,
this condition becomes, since the conjugation does not change anything, OO⊤ = O⊤O = I, and such
matrices are called orthogonal.

Proof. I will prove this theorem by induction. If n = 1 then the theorem is trivially true since any
matrix is upper triangular in this case.

Assume that the theorem is already proved for n−1 and consider an n×n matrix A. Since A is a
complex matrix we know that it always has at least one eigenvalue. Let λ1 be this eigenvalue and let
v1 be the corresponding eigenvector normalized |v1| = 1. I can extend this vector to an orthonormal
basis (v1, . . . ,vn) of C

n, and let U0 be the unitary matrix with the columns vj . I have

U∗
0AU0 = B =


λ1 ∗
0
... A1

0

 ,
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where with the star I denoted the entries, which I do not care about. My matrix B has the same
eigenvalues as A. Now by the induction hypothesis there is unitary matrix Q, such that

Q∗A1Q = T n−1,

where T n−1 is an n − 1 × n − 1 upper triangular matrix with the eigenvalues of A1 on the main
diagonal. Consider the matrix

U1 =


1 ∗
0
... Q
0

 .

This is a unitary matrix by construction. Note that matrix U = U0U1 is also unitary, and, moreover,

U∗AU = T ,

where T is an upper triangular matrix with the eigenvalues of A on the main diagonal. �

Remark 14.3. Note that even if A is real, U can be complex in some cases.

For the real vector space I immediately have

Theorem 14.4. Let A ∈ Mn×n(R) has exactly n real eigenvalues, counting multiplicities. Then there
is a real orthogonal matrix O such that

O⊤AO = T ,

where T is real upper triangular matrix with the eigenvalues of A on the main diagonal.

Here is an almost immediate consequence of the above theorems, which I leave as a proof exercise.

Lemma 14.5. Let

A =


P 1 ∗ . . . ∗
0 P 2
...

. . . ∗
0 . . . 0 P k


be a block matrix, where each P k is an nk × nk matrix. Then

detA =

k∏
j=1

detP k.

14.2 Spectral decomposition for normal operators

Now we know that any matrix is unitary similar to an upper triangular matrix. So, assume that some
matrix is unitary diagonalizable, i.e.,

A = UΛU∗,

where U is unitary and Λ is a diagonal matrix. Let me take Hermitian adjoint from both sides:

A∗ = UΛ∗U∗.
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I note that ΛΛ∗ = Λ∗Λ and hence I conclude that my assumption that my matrix is unitary diago-
nalizable leads to the fact that this matrix must satisfy

AA∗ = A∗A. (14.1)

I immediately ask the question: What about the converse? What if I assume (14.1)? It turns out that
the answer is that in this case A is unitary diagonalizable, which I will prove in the next theorem.
To make my statement cleaner and take into account that the condition (14.1) is important I first
introduce

Definition 14.6. Matrix A is called normal if (14.1) holds.

Before stating and proving the following theorem I note that if A∗ is the Hermitian adjoint of A
and I consider the standard inner product, then, from the formula for the explicit computation

⟨Au ,v⟩ = v∗Au = (A∗v)∗u = ⟨u ,A∗v⟩

for any u,v ∈ Cn.

Theorem 14.7. Matrix A is unitary diagonalizable if and only if it is normal.

Proof. The “if” implication is proved above. Now consider the “only if” part. That is I assume that
A satisfies (14.1), and I want to show that it is unitary diagonalizable.

First, by the Schur decomposition, I have that

U∗AU = T ,

where T is upper triangular. Using the normality of A, I have

T ∗ = (U∗AU)∗ = U∗A∗U ,

that is
T ∗T = U∗A∗AU = U∗AA∗U = TT ∗,

which proves that T is also normal. It remains to show that any upper triangular normal matrix must
be diagonal.

First I will show that if N is normal then

|Nu| = |N∗u|

for any u ∈ Cn. Indeed,

|Nu|2 = ⟨Nu ,Nu⟩ = ⟨u ,N∗Nu⟩ = ⟨u ,NN∗u⟩ = ⟨N∗u ,N∗u⟩ = |N∗u|2.

Now let e1 be the standard unit vector. I have that

|Te1| = |T ∗e1|

since T is normal. Te1 is the first column of T and T ∗e1 is the complex conjugate of the first row of
T . I also have that both matrices T and T ∗ have diagonal entries with the same absolute values |tjj |.
Since the first row and first column have exactly one element in common, and the first column has all
the zeros below the diagonal element, then all the elements in the first row to the right of t11 must be
also zero. Now take e2 instead of e1 and conclude that all the entries to the right of t22 must be zero
and so on. Hence the claim was proved. �
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One large class of normal matrices is given by the so-called self-adjoint or Hermitian matrices.
These are exactly those matrices for which A = A∗. Clearly, every self-adjoint or Hermitian matrix is
normal, but the contrary is not true. Can something else be said about such matrices? Actually, yes.

Theorem 14.8. Matrix A ∈ Mn×n(C) is unitary similar to a diagonal matrix Λ, which has all the
entries real, if and only if it is Hermitian.

Proof. The proof is very much similar to what we did for normal matrices. First, assume that matrix
is unitary similar to a diagonal real matrix, this immediately implies that A must be Hermitian.
Next, assume that matrix A is Hermitian and use the Schur decomposition, where T must be also
Hermitian. Since the only upper triangular Hermitian matrix is a read diagonal one, the conclusion
follows. �

Remark 14.9. We actually proved that any Hermitian matrix not only has an orthonormal basis of
eigenvectors, but also that all the eigenvalues are real. Note that in general, even if the eigenvalues
are real, the eigenvectors will be complex.

Finally, let me formulate an analogous theorem for real matrices. Since to be Hermitian for a
real matrix means to be symmetric (that is, A = A⊤), and every real symmetric matrix is of course
Hermitian, and for each real eigenvalues one has real eigenvectors, I immediately get

Theorem 14.10. Let A ∈ Mn×n(R). Then A has all the eigenvalues real and an orthonormal basis
of eigenvectors if and only if it is symmetric. That is,

A = A⊤ ⇐⇒ A = OΛO⊤,

and O,Λ are real matrices.

Example 14.11. Take

A =

 1 −1 0
−1 2 −1
0 −1 1

 .

Since this matrix is symmetric, I immediately know (without any calculation!) that the eigenvalues
of this matrix are real and that there is an orthonormal basis in which the operator corresponding to
A is diagonal. Indeed, the computations yield

λ1 = 3, λ2 = 1, λ3 = 0

with the eigenvectors

v1 =

 1
−2
1

 , v2 =

−1
0
1

 , v3 =

11
1

 ,

which are clearly form an orthogonal collection. So if I form the matrix O =
[

1√
6
v1 | 1√

2
v2 | 1√

3
v3

]
then I have

O⊤AO =

3 0 0
0 1 0
0 0 0

 .
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